
Enrichment lectures for M1002, 11 and 18
th
 September 2015, 1pm. 

Optimization and Control 

All of us are, consciously or unconsciously, performing acts of optimization and 

control constantly. Many of us make decisions based on our gut feeling or intuition, or 

simply toss a coin when we are unsure. This often leads to lousy solutions.  It would be nice 

if we can do it systematically and rigorously instead….. that is where mathematics becomes 

extremely helpful.  

 

An introductory example: The (intelligent) hoon’s problem – Say you own a 

powerful BMW (but if not, any hoon can always steal one from somewhere). 

How do you drive (i.e., accelerate, cruise, brake…) from somewhere, anywhere, 

to catch your 8am lecture at UWA in the shortest possible time? (this can sort-

of be interpreted as the maximum sleep problem) 

The answer is fairly obvious – but how do you cast it in a mathematically 

tractable and solvable form?  Here goes: (don’t expect any of you to understand 

how and why the Pontryagin Maximum principle works). 

As with all good applied maths, first you need assumptions. After you found the 

first order solution satisfactorily, then you try to remove the assumptions or 

replace them by more realistic ones to improve your solution. 

Assumptions: 

1. You own the roads and the police, so you can ignore stop signs and red 

lights; 

2. There is only one road (you will pick the shortest one obviously) that takes 

you to UWA; 

3. Your BMW is a point mass that obeys Newton Second law; 

4. There is no limit to how fast your BMW can go because there is no friction; 

5. You can accelerate as much as you decelerate; 

6. UWA is at the “origin”, and you start from some arbitrary location along a 

one-dimensional manifold; 

7. Etc, etc….. 

  



Mathematical Model:     

�̈� = u        where x= position of BMW on a line, u=force 

 

Formulation:   Min  T 

Subject to dynamical constraints: 𝑥1̇ =𝑥2,  𝑥1(0)= 𝑥10 

        𝑥2̇ =𝑢,  𝑥2(0)= 𝑥20     

and Terminal states constraints   𝑥1(T)= 0 ,    𝑥2(T)= 0 ; 

and  Control Bounds:  | u(t)| <=1  For all t . 

 …..and after about 120 pages of non-trivial maths,………………..     

……….the solution is - ”BANG-BANG CONTROL” 

 

 

OPTIMAL TRICK: follow the parabola down to the switching curve, then ride the switching 

curve home.   



The hoon’s problem encapsulates both the notion of optimization as well as control, 

and is known as an optimal control problem, or dynamic optimization problem.….gradually 

build up to much more sophisticated and realistic problems, such as: 

- (Aeronautical engineering) How to fly a supersonic aircraft from the ground to its 

operational altitude in the shortest possible time? 

- (Astronautical engineering) How to transfer a satellite that is orbiting around earth 

from one orbit to another using the minimum possible energy? 

- (Mechanical engineering) How to swing a robotic arm from an initial configuration to 

a terminal configuration in the shortest possible time, without interfering with 

potential obstacles? 

- (Civil engineering) How to design a bridge with the minimal material yet strong 

enough to support the designed loading? 

- (Chemical engineering) How to control the temperature profile of a reaction chamber 

so that the crystals produced from the chemical process is of a desired size? 

- (Industrial engineering and management) How to schedule the inventory of a large 

manufacturing plant in order to minimize the stock-out probability? 

- (Biomedical engineering) How to release insulin into a diabetic patient in order to 

minimize side effects? 

- (Genetic engineering) How to track down a certain mutated gene in the 3 billion base-

pairs of a DNA? 

- (Financial engineering) How to make an obscene amount of money by playing with 

derivatives? 

- (Economic) How to win a Nobel prize by a trivial piece of mathematics? 

- Etc,etc 

  



 

A bit of History: The Brachistochone Problem ( 1697 Johann Bernoulli )  

-- Invention of Calculus of Variation https://en.wikipedia.org/wiki/Brachistochrone_curve   

-- In mathematics, a brachistochrone curve (from Ancient Greek βράχιστος 

χρόνος   meaning "shortest time"), or curve of fastest descent, is the curve that would carry 

an idealized point-like body, starting at rest and moving along the curve, without friction, 

under constant gravity, to a given end point in the shortest time.   

 

 

The formulation:  Minimize 

 

The solution is a “CYCLOID” by solving the Euler Largrange differential equation: 
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https://en.wikipedia.org/wiki/Brachistochrone_curve
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https://en.wikipedia.org/wiki/Gravity
https://en.wikipedia.org/wiki/Time


OPTIMIZATION (as in Static or Parametric optimization) 

Examples: 

Undergraduates: How to score the maximum grade while putting in only the minimum 

possible amount of work? Who to pick as the optimal boyfriend?  (But these problems are 

not terribly mathematical) 

Management of Industries (mining, manufacturing, airlines, transportation companies, 

human resources, logistics, warehousing, inventory control): How to minimize cost? 

Maximize productivity? Minimize machine downtime?  

Politics and Governments: How to redraw electorate boundaries to win maximum votes 

(gerrymandering)? How to minimize traffic congestion? How to maximize tax revenues? 

Why is it that MAD = mutually assured destruction had sustained the cold war world order 

for 3 decades? 

Economics and Finance:  How to maximize profit? Minimize risk? How to screw your 

business rival/customers as hard as possible? How to price securities and financial assets? 

Medical: How to maximize the benefits of drug infusion while minimizing side effects? 

How to prolong the life of a patient as long as possible without inflicting too much pain and 

suffering? What is the optimal way to determine whether a certain gene exists in a patient?  

What is the optimal way of searching for a gene mutation through 3 billion base-pairs of a 

given DNA? 

War: How to incur maximum grief to ISIS? How does Halliburton make so much money 

from the pentagon?  

Planning department of any organization: how to design timetable so as to minimize 

crashes? How to schedule nurses and doctors’ roster in a large hospital?   How many staff to 

hire? 

Gambling and Casino: what is the optimal long term strategy playing blackjack?   How to 

bet on horses? When should you leave the casino? 

Love and Romance: 

http://www.ted.com/talks/hannah_fry_the_mathematics_of_love?language=en  How do you 

maximize your chance of finding love? And after you find love, how do you sustain it? 

(personally I have very little faith in such mathematics) 

 

  

http://www.ted.com/talks/hannah_fry_the_mathematics_of_love?language=en


The Prototypical (Static) Constrained Optimization Problem:  

Given the functions   f: ℝ𝑛→ℝ𝑚,  g: ℝ𝑛→ℝ𝑝, h: ℝ𝑛→ℝ𝑞 

        Minimize_ x      f (x) 

   Subject to (equality) constraints:  g (x)= 0 and inequality constraints:  h (x) ≥ 0 

Sub-classification: 

1. If m=1, - scalar optimization, ie, only a single objective, g does not exist.  If m>1 – 

vector or multicriteria optimization. (the sort that you are used to in high school) 

 

2. If all of  f, g and h  are LINEAR in x -  linear programming. The single most 

popular class of optimization, account for probably 90% of all . 

 

3. Otherwise if any of them is nonlinear – nonlinear programming . Unless convexity 

prevails, hard! 

 

4. Special class of nonlinear programming is when f is quadratic and g,h are linear – 

quadratic programming 

 

5. If the problem can be cast in the form of a graph, or a network - network 

programming. this can admit a very large number of variables and be solved quite 

efficiently.  

 

6. If some, or all, of the decision variables in x are discrete – integer programming.  

This is a sunset of a more general class of problems known as combinatorial 

optimization. Hard stuff – often need to resort to heuristics, sometimes brute force. 

 

7. When there are noise or random terms involved - Stochastic programming 

 

8. When all of   f, and h  are convex, and g is linear,  – convex programming, else 

concave programing (few real world problems are convex, but convexity allows 

some beautiful maths to surface) 

 

9. If one of  f, g or h  is non-differentiable – non-smooth optimization. 

 

10. Extensions and Generalizations: dynamic programming, equilibrium problems, 

complimentarity problems, variational inequalities, games theory 

 

11. Multicriteria Optimization: m>1 (Pareto 1848) – an extremely important class of 

problems- solutions are “SETS”.  Most real world problems are multicriteria in 

nature, even if we often choose to pretend that they are not.  
  



Control (of dynamical systems) 
  

A dynamical system (Hope you stayed awake during Miccal and Michael’s lectures) is 

one that evolves with time. How do we manipulate the system to make it do as told? 

 

Model,        typically ODE for lumped parameter systems:    

 �̇� = f(x, u),  y=g(x),   

where x, y, u  are the states, output, and control, respectively. 

also admit  difference equations for discrete time systems,  

partial differential equations for distributed parameter systems, etc…. 

Key concept: Open-loop control versus Close-loop or “FEEDBACK” control 

Open loop control: 

Examples: firing of a 7.62mm round from an AK47, or a rocket propelled grenade: 

once the round leaves the barrel, it has its old mind and will not do as told anymore. 

 

Feedback control: 

Examples, A guided missile, or EXACTO (EXtreme ACcuracy Tasked Ordnance) rifle 

round.  

 

Feedback control is far more superior because it allows the outcome to be much more robust 

in the presence of noise, parameter uncertainties, modelling errors, sensor and actuators’ 

error, presence of strong nonlinearity, …. 

Stability: Feedback control is usually more concerned with stability, and not so much 

optimality. In fact, stability often conflicts with optimality in reality.  



 

Dynamic Optimization, or Optimal Control as a 

generalization of Calculus of Variation. 

 
As opposed to static optimization, Dynamic optimization seeks to optimize the outcome of a 

dynamical system.  All the examples quoted on Slide 2 pertain to this class of optimization 

problem.  

Modeling:    �̇� = f(x, u, t),   with initial conditions: x(0)=x0 

Optimization :   

 

Constraints: 

i. Control bounds (eg, The BMW has finite engine power) 

ii. Terminal state constraints (eg, must come to rest at UWA at the terminal time for 

Mr. Hoon) 

iii. Continuous state constraints (eg, Robotic arm cannot interfere with existing 

obstacles) 

iv. Interior point constraints (eg, the Robotic arm needs to pick up a bolt from point A 

first then deliver to the end point B to screw on) 

v. Etc, etc  

 

- Is essentially an infinite dimensional optimization problem 

 

- Open Loop Optimal control (easy) versus Optimal Feedback Control (hard) 

 

- Except in trivial classroom examples, solutions are usually determined by intensive 

computation.  

 

- Can be applied to distributed parameter systems but the formulation will be rather 

complex, and the solution arduous.  

 

End of lectures – hope to see you all again next year.  


