
The University of Western Australia
SCHOOL OF MATHEMATICS AND STATISTICS

BLAKERS MATHEMATICS COMPETITION

2013 Problems

The Competition begins Tuesday, May 28 and ends Friday, August 12 2013.
You may use any source of information except other people. In particular, you may use

computer packages (though contributed solutions are expected to have complete mathematical
proofs). Extensions and generalisations of any problem are invited and are taken into account
when assessing solutions. Also, elegance of solution is particularly favoured and desired.

Solutions are to be mailed or given to Greg Gamble, School of Mathematics and Statistics,
The University of Western Australia, Crawley, 6009 before 4 pm on Friday, August 12.

Remember, you don’t have to solve all the problems to win prizes!

Include a cover page with your name, address, e-mail address, University, and the number
of years you have been attending any tertiary institution.

Start each problem on a new page, and write your name on every page.

1. Planely Euclidean

In the Euclidean plane, the distances from a point p to three vertices of a square are 1, 2
and 3, respectively.

What are the possible side lengths of the square?

2. Digitally diverse integers

What positive integers have an integer multiple whose writing in decimal system includes
at least one of each digit 0, 1, 2, 3, 4, 5, 6, 7, 8, 9?

3. Parabolic chords

Take a parabola P and trace all chords between points p, q on P such that the area bounded
by the chord and P is some fixed constant k.

Determine the locus C of midpoints of these chords.

4. Empowered primes

Observing that 2 = 31− 20, 3 = 22− 30, 5 = 32− 22, 7 = 32− 21, 11 = 33− 24, 13 = 24− 31,
17 = 34 − 26, 19 = 33 − 23, it is tempting to conjecture that each prime number is the
difference (in absolute value) of integer powers of 2 and 3.

Is this conjecture true or false?



5. Tetra-balls

Four balls of radius 1 are in the interior of a regular tetrahedron. Each ball is tangent to
the other three, and each face of the tetrahedron is tangent to three balls.

What is the length of an edge of the tetrahedron?

6. Pointedly coloured

Can we colour each point of the Euclidean plane red, blue or green, in such way that no
rectangle has four vertices of the same colour?

7. Determinedly even

The coefficients of a 10×10 matrix are randomly chosen from the set {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}.
If these choices are independent, what is the probability (with 4 decimal place accuracy)
that the determinant of the matrix is even?

8. Really polynomial

For which values of n does there exists a polynomial function p : C→ C of degree n

p(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0

with complex coefficients, such that p(x) ∈ R if and only if x ∈ R.

9. Preserving distance

Denote by d(x, y) the usual Euclidean distance between two points x, y ∈ Rn. If α is a per-
mutation of points of Rn preserving rational distances, in the sense that, if d(x, y) ∈ Q then
d
(
α(x), α(y)

)
= d(x, y), can we deduce that α preserves all distances (that is, d

(
α(x), α(y)

)
=

d(x, y) for all x, y ∈ Rn)

(a) if n = 1, that is, on the number line?

(b) if n = 2, that is, in the Euclidean plane?

10. Rationally irrational

Is there a continuous function f : R→ R such that f(x) is irrational for all rational x, and
rational for all irrational x?
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